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The Great Indian Mathematician Aryabhatta

The study of trigonometry was first started in

India. The ancient Indian Mathematicians,
Aryabhatta (476 A.D.), Bhaskara 1 (600 A.D.)
and Bhaskara (1114 A.D.) and Brahmagupta
(598 A.D.) got important results. All this
knowledge first went from India to middle-east
and from there to Europe. The Greeks has also
started the study of trigonometry but their
approach was so clumsy that when the Indian
approach became known, it was immediately
adopted throughout the world.

Bhaskara | (about 600 A.D.) gave formulae to

find the values of sine function for angles more
than 90°. A sixteenth century Malayalam work
Yuktibhasa (period) contains a proof for the
expansion of sin (A+B). Exact expressions for
sines or cosines of 18° 36° 54° 72° etc. are
given by Bhaskara 1.
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Trigonometrical Ratios, Functions and Identities

1.1 Definitions

(1) Angle : The motion of any revolving line in a plane from its initial position (initial side) to

the final position (terminal side) is called angle. The end point O about B

which the line rotates is called the vertex of the angle. S
(2)Measure of an angle : The measure of an angle is the amount of

rotation from the initial side to the terminal side. O Initial side”

(3)Sense of an angle : The sense of an angle is determined by the
direction of rotation of the initial side into the terminal side. The sense of an angle is said to be
positive or negative according as the initial side rotates in anticlockwise or clockwise direction

B
o 7 A
[
o A

Positive B Negative

to get the terminal side.

(4)Right angle : If the revolving ray starting from its initial position to final position
describes one quarter of a circle. Then we say that the measure of the angle formed is a right
angle.

(5)Quadrants : Let X'OX and YOY ' be two lines at right angles in the plane of the paper.
These lines divide the plane of paper into four equal parts. Which are
known as quadrants. The lines X'OX and YOY 'are known as x-axis
and y-axis. These two lines taken together are known as the co- I
ordinate axes.

Y

(6)Angle in standard position : An angle is said to be in standard 0
position if its vertex concides with the origin O and the initial side 1 v
concides with OX i.e., the positive direction of x-axis.

Yr

(7)Angle in a quadrant : An angle is said to be in a particular
quadrant if the terminal side of the angle in standard position lies in that quadrant.

(8)Quadrant angle : An angle is said to be a quadrant angle if the terminal side concides with
one of the axes.

1.2 System of Measurement of Angles

There are three system for measuring angles
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Trigonometrical Ratios, Functions and Identities 3

(1) Sexagesimal or English system : Here a right angle is divided into 90 equal parts known as

degrees. Each degree is divided into 60 equal parts called minutes and each minute is further
divided into 60 equal parts called seconds. Therefore, 1 right angle = 90 degree(=90°)
1° =60 minutes (=60))
1' =60 second (=60"")
It is also known as French system, here a right angle is

(2) Centesimal or French system :
divided into 100 equal parts called grades and each grade is divided into 100 equal parts, called

minutes and each minute is further divided into 100 seconds. Therefore,

1 right angle = 100 grades (=100°9)
1 grade = 100 minutes (=100")
1 minute = 100 seconds (=100"")

(3)Circular system : In this system the unit of measurement is radian. One radian, written as

1°, is the measure of an angle subtended at the centre of a circle by an arc of length equal to the

radius of the circle.

Consider a circle of radius r having centre at O. Let A be a point on the circle. Now cut off
an arc AP whose length is equal to the radius r of the circle. Then by the definition the measure

of ZAOP is 1 radian (=1°).
1.3 Relation between Three Systems of Measurement of an Angle

Let D be the number of degrees, R be the number of radians and G be the number of grades

in an angle 6.

Now, 90° = 1 right angle = 1°= % right angle
= D° = b right angles = 0= b right angles
90 90
........ (i)
Again, rradians = 2 right angles = 1radian = 2 right angles
T
= R radians = 2R right angles = 0= 2R right angles
T Vs
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4 Trigonometrical Ratios, Functions and Identities

and 100 grades = 1 right angle = 1 grade = ﬁ right angle
= G grades = iright angles = 0= < right angles
100 100
........ (iii)
D_G _2R

From (i), (ii) and (iii) we get, = =2 "

This is the required relation between the three systems of measurement of an angle.

(o]
rﬁok : @0 One radian = 180 = rradians =180° = 1 radian = 57° 17'44.8" ~ 57°17'45" .
T

1.4 Relation between an Arc and an Angle

If s is the length of an arc of a circle of radius r, then the angle # (in radians) subtended by

B
%
A

A

this arc at the centre of the circle is given by 6 = 2 or i.e., arc = radius
r

x angle in radians

Sectorial area : Let OAB be a sector having central angle 6° and radius r.

Then area of the sector OAB is given by 3 ree|.

Important Tips

& The angle between two consecutive digits in a clock is 30° (= n/6 radians). The hour hand rotates through an angle
of 30° in one hour.

@ The minute hand rotate through an angle of 6° in one minute.

Example: 1 The circular wire of radius 7 cm is cut and bend again into an arc of a circle of radius 12 cm. The
angle subtended by an arc at the centre of the circle is [Kerala (Engg.) 2002]

(a) 50° (b) 210° (c) 100° (d) 60°
Solution: (b) Given the diameter of circular wire = 14 cm. Therefore length of wire = 147 cm

Arc  14r Tn 7z 180°

Hence, required angle = — = =— radian => —x =210°.
Radius 12 6 6 V4
C
Example: 2 The degree measure corresponding to the given radian E_;j
(a) 21° (b) 22° (c) 23° (d) 24°
Solution: (d) We have, rradians =180°
9] C 0
po_[1807 C[2x] 25 180T 40
V3 15 15 V1

Example: 3 The angles of a quadrilateral are in A.P. and the greatest angle is 120°, the angles in radians are
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Trigonometrical Ratios, Functions and Identities 5

(a) %%’T%”%” (b) %%%”% © i—gi—glll—s”lf—g” (d) None of these
Solution: (a) Let the angles in degrees be a« —36,a -6, +8,a+35

Sum of the angles =4 =360° S a=90°

Also greatest angle =g +35=120°, Hence, 36=120° —a=120° -90°=30° .. §=10°

Hence the angles are 90° —30°,90° —-10°,90° +10° and 90° +30°

That is, the angles in degrees are 60°,80°,100° and 120°

.. In terms of radians the angles are 60 x X 80x 2100 x—~— and 120 x - that is 14—”5—” and
180 180 180 180 39 9
2z
3
Example: 4 The minute hand of a clock is 10 cm long. How far does the tip of the hand move in 20 minutes
107 207 307 407
a) — b) — c) — d) —
(a) 3 (b) 3 (© 3 (d 3

Solution: (b) We know that the tip of the minute hand makes one complete round in one hour i.e. 60 minutes since
the length of the hand is 10 cm. the distance moved by its tip in 60 minutes =2z x10cm =207z cm

Hence the distance in 20 minutes = 2:0” x 20cm = 20Tﬂcm .

Example: 5 The angle subtended at the centre of radius 3 metres by the arc of length 1 metre is equal to
[UPSEAT 1973]

(a) 20° (b) 60° (c) 1/3 radian (d) 3 radian
Solution: (c) Required angle = A_rc :lradian .
radius 3

1.5 Trigonometrical Ratios or Functions

In the right angled triangle OMP, we have base = OM = x, perpendicular =PM = y and
hypotenues = OP =r. We define the following trigonometric ratio which are also known as
trigonometric function.

. Perpendicu lar y Base X
sinf=——W———— =2 cosf) = ——— 2
Hypotenues r Hypotenues r Y M
fan 6 — Perpendicu lar _y cotd = Bas_e _X , s,
Base X Perpendicu lar vy
sec@:Hypmﬂzi COSGCQZMIL
Base X Perpendicu lar vy
. . . . . ¥
(1) Relation between trigonometric ratio (function) 5 J ~ o X
(i) sin@.cosecd =1 (ii) tan@O.cot@ =1
. in
(iii) cos@.secd =1 (iv) tand = sind (v) cotd = C(_)—sg
cosé sin @
(2) Fundamental trigonometric identities
(i) sin?6+cos?0 =1 (ii) 1+tan?6 =sec? 6 (iii) 1+ cot® 6 = cosec 26

Important Tips
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6 Trigonometrical Ratios, Functions and Identities

1
& If x=secf + tan @, then —=secd —tand.
X

1
& If x =coescd +cotd, then —=cosecd —cotd .
X

(3)Sign of trigonometrical ratios or functions : Their signs depends on the quadrant in which
the terminal side of the angle lies.

(i) In first quadrant : x >0,y >0 = sind = % > 0,cos 0 :é >0,tan @ = % >0, cosecd = 5 >0,
secd =£ >0 and coté = § > 0. Thus, in the first quadrant all trigonometric functions are
positive.
(i) In second quadrant :
x <0,y >0:sinaz%>0,0059=§<O,tan9=%<0,cosec9=5>0, sec¢9=£<0 and cot9=§<0.
Thus, in the second quadrant sin and cosec function are positive and all others are negative.
(iii) In third quadrant : x <0,y <0 :>sin@:%<0,cos@=é<0,tan0=%>0,cosec¢9=§<0 s

X . . . - .
secl = r <0 and cot@d =—>0. Thus, in the third quadrant all trigonometric functions are
X y

negative except tangent and cotangent.

(iv) In fourth quadrant : x>0,y<0:>sin6:X<0, v
r 11 I
X r r
cosd =—>0, tan49=X<0, cosecd =—<0 ,secd=—>0 and X<0%>>0 X>%°‘>>0
r X y X sin and cosec Y

All are positive

X X are positive
cot @ = — <0 Thus, in the fourth quadrant all trigonometric I ol w X
y
functions are negative except cos and sec. x<0,y<0 x>0,y<0
tan and cot cos and sec
In brief : A crude aid to memorise the signs of are positive are
trigonometrical ratio in different quadrant. "Add Sugar To v’

Coffee".

Important Tips

@ First determine the sign of the trigonometric function.

& If 0 is measured from X'OX i.e., {(x* 6, 27 - 6)} then retain the original name of the function.

& If 6 is measured from Y'OY i.e., {% + 0,37” + 0}, then change sine to cosine,

cosine to sine, tangent to cotangent, cot to tan, sec to cosec and cosec to sec. B
(4)Variations in values of trigonometric functions in different B
quadrants : Let X'OX and YOY ' be the coordinate axes. Draw a M (o0
circle with centre at origin O and radius unity. y
X Al x
(-1,0) A OfF—~=IN | aq,
o
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Let M(x,y) be a point on the circle such that ZAOM =¢ then

Trigonometrical Ratios, Functions and Identities 7

—1<cosf#<1and —1<sin@ <1 for all values of 4.

II-Quadrant (S)

I-Quadrant (A)

sin@ — decreases from 1 to O

sin@ — increases from O to
1

cos@ — decreases from O to -
1

cos@ — decreases from 1 to
(o)

tan & —» increases from - o« to
(0]

tan & — increases from O to

0

cotd —»> decreases from O to -

o0

cotd —» decreases from o to
(0]

secd — increases from - o to - 1

secd — increases from 1 to

0

cosecd — increases from 1 to «

cosecd — decreases from o to 1

III-Quadrant (T)

IV-Quadrant (C)

sin@ —» decreases from O to -
1

sind — increases from -1
to o

cos@ — increases from - 1 to
o

cos@ — increases from O to
1

tan & — increases from O to «©

tan & — increases from - «©
too

cotd —» decreases from o to O

cotd —» decreases from O to - ©

secd —» decreases from - 1 to

— 0O

secd — decreases from oo to 1

cosecd — increases from - « to
-1

cosectd — decreases from - 1 to

— 0O

x=cos¢d and y=sind;

| No#e : Q + and - » are two symbols. These are not real number. When we say that tané

increases from O to « for as ¢ varies from O to E it means that tan@ increases in the interval

[O,EJ and it attains large positive values as 6 tends to % Similarly for other trigonometric

functions.
If sin® +cosec & =2, then sin® @ + cosec?0 = [UPSEAT 2002; MP PET 1992; MNR 1990]
(a) 1 (b) 4

(sin? @ + cosec 20) = (sin & + cosec §)? — 2sinf.cosec § =22-2=2.,

Example: 6

(c) 2 (d) None of these

Solution: (c¢)

Example: 7 If siné+cos@=m and sec 8 +cosecd =n, then n(m +1)(m —1) equal to [MP PET 1986]

(a) m (b) n (c) 2m (d) 2n

Solution: (c) n(m? —1)=(sec & + cosec #).2 sin . cos & [+m? =1+ 2sin6.cos 6]

scurce €3
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8 Trigonometrical Ratios, Functions and Identities

:W—COSQ.Zsine.cose =2m.
sin @.cos @
Example: 8 If tané’:Lw and tan ¢:ﬂ, then x/y equal to
1-xcos ¢ 1-ycosé
sin sing sin
(a) o by ¢ © Snd_
sing sing 1-cosé
Solution: (b) xsing=tan 6 — x cos ¢.tan 6
B tan @ B sin@
sing +cosgtan @  sin@cos ¢ + cos &sin ¢
Similarly, y=— sin¢ — . LIS ﬂ .
sin @ cos ¢ + cos 4 sin ¢ y sing
Example: 9  The equation sec?6 = 4%y >
(x+Y)
1987, 1991]
(a) x=y (b) x<y (c) x>y
Solution: (a) -+ cos?#<1 = sec20:( 4xy)2 >1=4xy 2(x+y)P2 =>(x-y)?<0
X+Yy
Which is possible only when x =y (-x,yeR)
Example: 10 1- s!na equals
1+siné
(a) o (b) 1 (c) secd—tan@
p— 1 Z — 1
Solution: (¢) @ s!nf) = 1-sin6 =sec@d—tané.
(L-sin®g)  cos@
Example: 11 If tan A+cot A=4, then tan*® A+cot* A isequal to
(a) 110 (b) 191 (c) 80
Solution: (d) tanA+cotA=4 = tan? A+cot? A+2tan Acot A=16
= tan® A+cot? A=14 = tan® A+cot® A+2=196 = tan® A+cot’ A=194 .
Example: 12  If sinXx +cos x :%, then tan2x is
25 7 25
a) — b) — c) —
(a) 17 (b) > (© >
. . 1 . 2 . 1
Solution: (d) sinXx + cos X ZE = sin° X +co0s“ x +2$|nxcosx:§
sin2x:—ﬁ = C0S 2X =—— = tan 2x=ﬁ.
25 7
. 24 .
Example: 13 If sinx = 5 then the value of tan x is
24 -24 25
a) — b) — c) —
(a) > (b) 7 © 24
2
- —24 7 i _
Solution: (b) cosx=v1-sin?x = [1-| —22| = — tanx = 21X -4
25 25 0S X 7
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[MP PET 1991]

sin@

(@ 1-cos ¢

is only possible when [MP PET 1986; IIT 1996; Karnataka CET 1997; AMU

(d) None of these

(d) secé.tan @

[Kerala (Engg.) 2002]

(d) 194

[UPSEAT 2003]

@ 2

[UPSEAT 2003]

(d) None of these

@g www.studentbro.in



Example:

Solution:

Example:

Solution:

Example:

Solution:

Example:

Solution:

Example:

Solution:

14

(b)

15

(d)

16

(d)

17

()

18

(d)

If tan @ +sec § =e*, then cos @ equals

(e*+e™)
(a) —

tan @ + sec @ =e*

. secd—tan@=e*

From (i) and (ii), = 2sec@=e* +e* = cosf =

Trigonometrical Ratios, Functions and Identities 9

[AMU 2002]
2 (e*—e™) (e*-e™)
(e*+e™) © 2 () (e*+e™)
........ (i)
........ (ii)
2
eXye ™’

For 0<¢< % ,if x = 2c052”¢, y = Zsinznqﬁ , 7= Zcosz”¢sin2” ¢ ,then
n=0 n=0 n=0

(a) xyz =xz +y (b) xyz =xy +z () xyz=x+y+z (d) Both (b) and (c)
From s,ﬂ:i
1-r
We get, x = 12=_12,= 1_2=12,z: 21_2: 1 .
1-cos®¢ sin®¢ 1-sin¢ cos®¢ l1-cos®gsing ,_ 1 xy-1
Xy
=> XyZ—z=Xy = XYz =Xy+z 1)
Also, £+12C052¢+Sin2¢=1 = X+y=xy; From (i),xyz=x+y+ z.
Xy
If P:_ZS# = Cos_e , then [MP PET 2001]
1+siné +cosé 1+sind
(a) PQ=1 (b) %:1 () Q-P=1 (d) Q+P=1
P+Q= _Zsm& cos_e
l1+sind+cos@d 1+sind
After solving, P+Q=1.
The value of 6(sin® & + cos® 6)—9(sin* 6 + cos* ) +4 equals to [MP PET 2001, 1997]
(a) -3 (b) o (©) 1 (@ 3

= 6(sin® @ + cos® 6) — 9(sin* 6 + cos” O) + 4
= B[(sin? @ + cos? O)° — 3sin? @ cos? G(sin? & + cos? G)] — 9[(sin? & + cos? §)? — 2sin? 6. cos? G] + 4

= B[l -3sin>Gcos?P] - 9[1 —2sin®Pcos’ d]+4 = 6-9+4=1.

sin@ cos 0
equals to K taka CET 1998
1-cotd 1-tang 3 [Karnataka 998]
(a) o (b) 1 (c) cos@—sin@ (d) cos@+sing
sind.sin@ cos 6. cos @ sinZ cos? 6 cos? @ —sin? o

=c0s @ +sind .

+ = =+ =
sinf(L —cotd) (1—tan)cos o (sin@ —cos @) (cos @ —sind) (cos @ —sin 6)

1.6 Trigonometrical Ratios of Allied Angles

Two angles are said to be allied when their sum or difference is either zero or a multiple of

90°.
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10 Trigonometrical Ratios, Functions and

(1) Trigonometric ratios of (-6): Let a revolving ray starting from Y
its initial position OX, trace out an angle /XOA =6. Let P(x, y) be
a point on OA such that OP = r. Draw PM 1 from P on x-axis. Angle e,
Z/XOA'=-0 in the clockwise sense. Let P' be a point on OA' such Ly
that OP'=0OP. Clearly M and M’ coincide and AOMP is congruent oNJ -9 M X
to AOMP' then P' are (x, - y). \

sin(—0) = VoY sine; cos(—0) = X —cosO; tan(—6) = =Y _ _tano N, -
r r r X

Taking the reciprocal of these trigonometric ratios;
cosec(—6d)=—cosecd, sec(—f)=secd and cot(-#)=-cotd

@oﬁ . 0 A function f(x) is said to be an even function if f(-x)= f(x) for all x in its domain.
O A function f(x) is said to be an odd function if f(-x)=-f(x) for all x in its domain.
O sin @, tan 8, cot 8, cosecd are odd functions and cos 8, sec @ are even functions.

(2) Trigonometric function of (90 - @) : Let the revolving line, starting 2
from OA, trace out any acute angle AOP, equal to 6. From any point P,
draw PM 1 to OA. Three angles of a triangle are together equal to two
right angles, and since OMP is a right angle, the sum of the two angles
MOP and OPM is right angle. ZOPM =90° -6 0 0 i A

[When the angle OPM is consider, the line PM is the ‘base’ and MO is
the ‘perpendicular’]

Q0°-

sin(90° — @) = sin MPO = '\F/)I—g =c0s AOP =cos @ , c0s(90° — @) = cos MPO = % =sin AOP =sin @
o MO . PM
tan(90° — 8) = tan MPO = M =cot AOP =cot 6, cot(90° — @) =cot MPO = IV} =tan AOP =tané

cosec(90 ° — ) = cosec MPO = I\F/)I_% =sec AOP =secd, sec(90° —68)=sec MPO = % = cosec AOP =cosecé

(3) Trigonometric function of (90+6) : Let a revolving ray OA starting from its initial poisiton
OX, trace out an angle £XOA =¢ and let another revolving
ray OA’ starting from the same initial position OX, first A
trace out an angle 6. So as to coincide with OA and then it

revolves through an angle of 90° in anticlockwise v, P,

direction to form an angle ZXOA'=90° + 6. , 4 x
Let P and P' be points on OA and OA' respectively ’

such that OP =OP'=r. Y’
Draw perpendicular PM and PM' from P and P’

respectively on OX . Let the coordinates of P be (x, y).

Then OM =x and PM =y clearly, OM'=PM =y and P°PM'=0M =x..
So the coordinates of P' are -y, x

sin(90 +6’)=E=£=c050, cos(90 +9)=m=_—y=—sim9
OP" r OP' r
M'P' X - X
tan(90 + ) = —— = — = — = —cotd, cot(90 + ) = —tan &, sec(90 + ) = —cosecH, cosec(90 + 6) = secd

OM' -y
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Trigonometrical Ratios, Functions and Identities 11

Allied (-9) (90 -6 (90 +6) (180 —0) | (180 +@)| (270 —0) | (270 +0) (360 —6)
a S or or or or or or or
. . 0) 3r 2z -0)
Trigo. Ratio (m —0) (+ (__HJ 3n
: ) |z )| (e
l 2 2
sin@ - siné@ coséd cosd siné@ - siné@ - cosd - cos 0 - sing
cosd coséd sin@ - siné@ - cosd - cosd - siné@ sin@ cosd
tan ¢ - tané cotd - cotéd - tané tanég cotd - cotd - tand
Important Tips
& sinnz =0, cosnz =(-1)"
& sin(nz+6)=(-1)"sind , cos(nz+6) = (-1)" cos &
. (nm L_l . .
& sm(T +0j=(71) 2 cos@,ifn isodd
=(-1)"?sing, if n is even
n+1l
cos(”—” + 9] —(~1) 2 sing, ifnisodd
& 2
=(-1)""?cosd, ifniseven
1.7 Trigonometrical Ratios for Various Angles
[ 0 /6 /4 /3 w2 V4 37/2 27
sind o 1/2 1/2 J3 /2 1 o -1 o
cos@ 1 J31/2 1/2 1/2 o -1
tané@ o 1/43 1 J3 o o o
1.8 Trigonometrical Ratios in terms of Each other
siné@ cosf tané@ cotd secd cosecd
sing@ . - » tan & 1 Vsec?9 -1 1
e - oS Ji+tan?e Vi+cot?o secd cosecd
cosé os o 1 cotd 1 Vcosec?d —1
Vi+tan? o V1+cot? o secd cosecd
tanéd sin@ 2 1 1
7 1-cos” 0 tano _— [ 2, . S
sec -1
1-sin’ 6O cos & cotd Vcosec?d —1
cot ¢ 1-sin’ 6O cos ¢ 1 ) _ Jcosec?d — 1
sin@ 1-cos? O tan 6 o Vsec?9 -1
secd ; 1 V1+tan? @ Vl+COt2 o secd ﬂ
V1-sin? @ cos @ cot & Vcosec?d —1
cosecld 1 1 2 secd
= 1+tan‘ @ [ 2 > cosecd
- - 7 1+cot“@
sin@ 1-cos? 6 tan Vsec?9 -1
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12 Trigonometrical Ratios, Functions and

Important Tips

& Values for some standard angles

sin15°:cos75°:‘/§_l; coslSO:sin75°:\/§Jrl ; tan 15° =cot 75° =2 - /3 ;
242 242
sin18°:cos720=$; cos36°=sin54°=#; tan75° = cot 150 =2 + 3
o 0 _ 0 0 0
sin22l =(:0567l =2—‘/E, 00522l :sin67l :L‘E; cot22l :ta\n67l =\/§+1
2 2 2 2 2 2 2 2
o] 0
tan 22l :cot67l :«/571
2 2
Example: 19  sin75° = [MNR 1979]
2-3 J3+1 J3-1
() (b) (o) - (d)
2 22 242
Solution: (b) sin75° =sin(45° + 30°) =sin45° cos 30° + sin 30° cos 45° = 1 x ﬁ + = V3 +1 .
J2o 2 242
Example: 20 The value of cos A—sinA, when A = 54—” is [MP PET 1990]
1
(@) V2 (d) — (©) o (@) 1
J2
Solution: (¢) cosS—”fsinS—” = fcosz+sin£ = 7i+i =0.
4 4 4 4 J2 2
Example: 21  tan A +cot(180° + A) +cot(90° + A) + cot(360° — A) equal to [MP PET 1992]
(a) o (b) 2tan A (c) 2cot A (d) 2(tan A —cot A)
Solution: (a) tan A+cot A+ (—tan A)+(—cot A)=0.
Example: 22 The value of cos15° —sin15° equal to [UPSEAT 1975; MP PET 1994; MP PET
2002]
1 1 -1
() = (b) - () = (d) Zero
V2 2 N
J3+1 3-1 1
Solution: (a) - = —=.
242 242 2
Example: 23 3{sin4[37” - a] +sin*(37 + a)} - Z{Sinﬁ[% + a) +5sin®(57 - a)} [IIT 1986]
(a) o (b) 1 (c) 3 (d) sind4a+sinba

Solution: (b) = 3[(-cosa)* +(-sina)*]-2[cos® a +sin® ]

= 3[(cos? a+sin? a)? —2sin? acos? o] - 2[(cos? a +sin? a)® —3cos? asin? a (cos? a +sin? a)]

= 3-6sinacos’?a—2+6sin?acos’a = 1.
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Example:

Solution:

Example:

Solution:

Example:

Solution:

24

(9}

25

(9]

26

(b)

Trigonometrical Ratios, Functions and Identities 13

Trick : Put o = 0,% ; then the value of expression remains constant i.e., it is independent of «.

Which of the following number is rational [IIT 1998]
(a) sin15° (b) cos15° (c) sin15°.cos15° (d) sin15°.cos 75°
sin15° = sin(45° —30°) = V3 -1 = irrational = cos15° = cos(45° —30°) = V3+1 = irrational
242 242

o o 1. N | .

sin15°.cos 15 :5(2 sin15° cos 15 ):Esm 30 = = rational
2
sin15°.cos 75° =sin15°.sin15° =sin® 15° = V3 -1 _4- 23 = irrational.
242

If sinx +sin® x =1, then the value of cos®® x +3cos® x +3cos® x +cos® x — 2is [MP PET 2001]
(a) o (b) 1 (o -1 (d) 2
Since sinx +sin?x =1 = sinx=1-sin®x=cos?x ... 1)
From given expression, cos® x(cos® x +3cos* x +3cos? x +1)- 2 = cos® x(cos? x +1)° -2
From (i) sinx =cos? x

osin® x@Ginx +1)* -2 = (sin? x +sinx)® —2=1-2=-1.

. sec? g
If 4sin@=3cos @ then —_— equals to
4[1—tan“ 4]
25 25 1

a) — b) — c) — d) 1
() 16 (b) 28 () 2 (d)

. . 3
Given 4sind=3cosf = tan@:Z

1 9
. o sec? 0 1+tan®@ T 25
The given expression is = = =—.
4[1-tan? 6] 4(1-tan?0) 4(19j 28
16

1.9 Formulae for the Trigonometric Ratios of Sum and Differences of Two Angles

(1) sin(A+ B) =sin AcosB +cos Asin B (2) sin(A—B) =sin Acos B —cos Asin B
(3) cos(A+ B) =cos Acos B —sin Asin B (4) cos(A—B)=cos AcosB +sin Asin B
(5) tan(A + B) = tan A+tan B (6) tan(A—B) = tan A—tan B
1-tan Atan B 1+tan Atan B
AcotB -1 AcotB +1
(7) cot(A + B) = StACAtB 1 (8) cot(A—p)= SOLACOtB+L
cot A+cotB cotB —cot A

(9) sin(A+B).sin(A—B) = sin® A—sin? B = cos? B—cos? A

(10) cos(A + B).cos(A—B) =cos? A—sin?B = cos? B —sin? A

(11) tan Attan B =

sinA _sinB _sin AcosB+cos AsinB _ sin(A+B)
cos A cosB cos Acos B cos A.cos B

(A¢nn+%,8¢mnj
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14 Trigonometrical Ratios, Functions and

sin(B+ A)

(12) cot A+cot B =— -
sin A.sin B

(Ainﬂ',Bimﬂ+%)

1.10 Formulae for the Trigonometric Ratios of Sum and Differences of Three Angles

(1) sin(A+ B+ C)=sin Acos Bcos C + cos Asin Bcos C + cos Acos Bsin C —sin AsinBsinC
or sin (A+B+C)=cos AcosBcosC(tan A +tan B + tan C —tan A.tan B.tan C)

(2) cos(A+B+C)=cos Acos Bcos C —sin Asin BcosC —sin Acos BsinC —cos Asin Bsin C
cos(A+B+C)=cos AcosBcosC(L—tan Atan B—tan Btan C —tan Ctan A)

tan A+tan B +tan C —tan Atan Btan C
1-tan AtanB —-tan Btan C —tan Ctan A

(3)tan(A+B+C) =

cot AcotBcotC —cot A—cotB—cotC

(4) cot(A+B+C)=
cot AcotB +cotBcotC +cotC.cot A-1

In general;
(5) sin(A; + A, +...... +A,) = CosA; CosA,....Cos A,(S; —S; +Sg —S; +...)
(6)cos(A; + A, +....+A)=cos A, cos A,...cos A,1-S, +S, —S;....)

S, -S3+S5 -5, +....
1-S,+S, -Sg +....

(7) tan(A; + A, +....+ A)) =

Where; S, =tan A, +tan A, +....+tan A, = The sum of the tangents of the separate
angles.
S, =tan A, tan A, +tan A, tan A; +....= The sum of the tangents taken two at a time.
S; =tan A tan A, tan A; +tan A, tan A; tan A, +... = Sum of tangents three at a time, and
SO on.
If AA=A,=...=A, =A then S, =ntanA, S,="C,tan*A, S, ="C,tan’ A,....

(8) sinnA =cos" A("C, tan A-"C, tan® A+"C, tan®> A—-...)
(9) cosnA =cos" AQL-"C, tan®* A+"C, tan* A-..)

"C,tan A-"C,tan® A+"C; tan® A—....
1-"C,tan? A+"C, tan* A-"C, tan® A +...

(10) tannA =

(11) sinnA +cosnA =cos" A(L +"C, tan A -"C, tan® A -"C, tan® A +"C, tan* A +"C, tan® A -"C, tan® A—.....)
(12) sinnA —cosnA = cos" A(-1+"C, tan A+"C, tan> A-"C, tan® A-"C, tan* A+"C; tan® A+"C; tan® A..)

sif{a +(n—-21)(B/2)}.sin(ng/2)

(13) sin(@) +sin(a + B) +sin(a + 2B) +..... + sin(la + (N — 1) B) = sin(B12)
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Trigonometrical Ratios, Functions and Identities 15

clevesfg) i)

(14) cos(ex)+cos(ax+ f)+cos(a+208)+....+cos(a+(n—-1)5) = 7
sin(j

1.11 Formulae to Transform the Product into Sum or Difference

(1) 2sin Acos B =sin(A+ B)+sin(A—B) (2) 2cos Asin B =sin(A +B)—sin(A—B)
(3) 2cos Acos B =cos(A + B)+cos(A—B) (4) 2sin Asin B = cos(A — B)—cos(A + B)
LetA+B=C and A-B=D

Then, A= €+D .nd B:C;ZD

Therefore, we find out the formulae to transform the sum or difference into product.

(5) sin C + sin D = 2sin CJrDcosC_D (6) sinC —sin D=2003C+Dsin €-Db

2 2 2 2
- . D. D- . D.C-D
(7)cosC+cosD=2cosC+DcosC D (8) cosC—cosD=23|nC+ sin C:—ZsmCJr smC
2 2 2 2 2 2
Important Tips

& sin(600 —6).sin 6?sin(600 +0) = %sin 360 & cos(60 — 8).cos ¢9cos(60O +6) = %cos 36

= tan(60° —6). tan O tan(60 ° +6)=tan 30

5N

@ cos A.cos 2A.c0s 22 A.cos 23 A...... cos2" 1A= 5|rr]12_ A ifA=nr
27 sinA

=1,if A=2nr

=1,if A=2n+1)r

cos12° —sin12°  sin147°
Example: 27 - + = [MP PET 1991]
cos12° +sin12° cos147°

(a) 2tan33° (b) 1 () -1 (d) o
s 1-tan12° o ¢} 0 0 0 0
Solution: (d) = ertan 147° = tan(45° —12)+tan(180° —33°)=tan 33° + (—tan 33°)=0.
+ tan

Example: 28 If sing, +sin@, +sind; =3, then cos d;, +cos g, +cos b, =

(a) 3 (b) 2 ()1 (@) o
Solution: (d) We know | sinf|<1; So, each 6,6, and 0; must be equal to 7 /2

cos @, +cosf, +cosf; =0.

Example: 29  cos A +c0s(240° + A) +cos(240° — A) = [MP PET 1991]
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16 Trigonometrical Ratios, Functions and

Solution: (b)

Example: 30

Solution: (b)

Example: 31

Solution: (¢)

Example: 32

Solution: (b)

Example: 33

Solution: (d)

(a) cos A (b) o (c) J3sinA (d) J3cos A

cos A +[2cos 240° cos A] = cos A + 2(—cos 60°)cos A

e

sinA-sin?B
sin Acos A —sin B cos B

[MP PET 1993]

(a) tan(A-B) (b) tan(A + B) (c) cot(A-B) (d) cot(A+B)
2(sin? A —sin? B) _ 2sin(A +B).sin(A—B) _ 2sin(A+B)sin(A-B) _ tan(A + B)
2sin Acos A —2sinBcos B sin2A —sin2B 2sin(A — B)cos(A + B) '

The expression cos?(A —B)+cos? B —2cos(A — B)cos Acos B is

(a) Dependent on B (b) Dependent on A and B
(c) Dependent on A (d) Independent of A and B

cos 2(A — B) + cos? B — cos(A — B)[cos(A — B) + cos(A + B)]
= cos® B—cos(A—B)cos(A+B) = cos?B—(cos? A—sin?B)=1-cos? A

Trick : Put A=90° and 0° the value is sin?B +cos?B=1 and 0 again put B=0°, 90° and the value is

sin? A and sin> A means expression depends on A.

If tana = m and tan 8= then a+ g = [IIT 1978]
m+1 2m +1
@ = m Z © = (d) None of these
3 4 6
We have tana = and tan S =
m+1 2m +1
m N 1
-~ . 2
tan(a + f) = m+1l 2m+1  _ %m +m+m+1 tan(a + B)= tan o + tan B
m 1 2m2+m+2m+1-m 1-tanatan B

1_(m+1)'(2m+1)

2m? +2m +1 P
=————=1=tan(e + f)=tan —
2m? +2m +1 4

Hence a+ﬂ:%

Trick : As a + fis independent of m, therefore put m =1, then tan « :% and tan S = %

1 1
Therefore, tan(a + f) = 2 +1§ =1, Hence a+ f :% (Also check for other values of m)
16
If tan@—cot@=a and sin@+cos@=b, then (b2 -1)*@2 +4)= [WB JEE 1979]
(a) 2 (b) -4 (o) =4 (d 4
Given that tand-cotfd=a ....... (i) and sin@+cosfd=b ... (ii)
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Trigonometrical Ratios, Functions and Identities 17

Now, (b2 —1)%(@2 +4) ={(sin@ + cos 8)? —1}*{tan & — cot 6)* + 4}

=|1+SIn — tan + cot -2+ =SIn cosec + Sec =43sIn COos - + =
[1+sin 26 —1]?[tan? & 29— 2+4]=sin? 26( 29 2@)=4sin*Hcos? o 12 12 4
sin“@ cos” 6@

Trick : Obviously the value of expression (b2 -1)*(a?+4) is independent of ¢, therefore put any

suitable value of 6. Let §=45°, we get a=0, b =2 so that[(\/z)2 ~17(0%+4)=4 .

Example: 34 If sinB =£sin(2A+ B), then w —
5 an A
5 9 5 ;
a) — b 2 o 3 o3
(@) 3 (b) 2 © 2 @
Solution: (¢) M = 5 by componendo and Dividendo. s!n(ZA + B)+ s!n B _ 541
sinB 1 sin2A+B)—-sinB 5-1

2sin(A+B).cosA 6 N tan(A+B) 3
2cos(A+B).sinA 4 tan A 2"

sin70° + cos 40°

S - S [Karnataka CET 1986; MP PET
cos 70° +sin 40

Example: 35
1999]

1 1
(a) 1 (b) == (© 3 (@ >
J3 2
sin70° +¢0s40° _ sin70° +sin50°  2sin60°c0os10°  sin60° /3 E—JE
1 .

Solution: (¢) — =~ = — — — = - — = = — =
cos 70° +sin40 sin20° +sin40 2sin30° cos(-10°)  sin 30 2

Example: 36 sin47° +sin61° —sin11° —sin25° = [EAMCET 2003; MP PET
2001]

(a) sin36° (b) sin7° (c) cos 36° (d) cos7°

Solution: (d) sin47° +sin61° —(sin11° +sin 25°) = 2sin54°.cos 7° — 2sin18° cos 7°

= 2c0s7°(sin54° —sin18°) = 2c0s7°.2 cos 36°.sin18° = 4.cos 7°. @ J§4_ 1 cos7°.
Example: 37 2 10° —sin10°
’ €0s10° +5sin10°
(a) tan55° (b) cot55° (c) —tan35° (d) —cot35°
0 _ qi o _ o
Solution: (b) 0810 —sin10 1-tanl0 . ago _ tan90° —35°)= cot55° .
c0s10° +5sin10° 1+tan10°
Example: 38 If tan(A+B)=p and tan(A - B)=q then the value of tan 2A=
(a) P*4 () P-4 © 1+pg (@ P9
p-q 1+ pq 1-p 1-pq
Solution: (d) 2A—{(A+B)+(A—B)} = tan2Aa=_NATB)+ta(A=B) _ o n_P*+d
1-tan(A + B).tan(A — B) 1-pq
Example: 39  sin163°cos 347° +sin73°sin167° = [MP PET 2000]
(a) o (b) % ()1 (d) None of these

Solution: (b)  sin(90° +73°).cos(360° —13°)+sin73°.sin(180° —13°) = cos 73°.cos 13° +sin 73°.5in13° = cos(73° —13°) = cos 60° = % .

Example: 40 The value of cot 70° +4 cos 70° is
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18 Trigonometrical Ratios, Functions and
1 1
(2) = (b) V3 (©) 2V3 @ =
J3 2

c0s 70° + 4 sin70°.cos 70°  cos70° + 2sin140°
sin70° sin70°

Solution: (b) cot70° + 4 cos 70° =

~ €0s70° +2sin(180 —40°)  sin20° +5sin40° +sin40°

sin70° sin70°
~ 2sin30° cos10° +sin40°  sin80° +5sin40°  25sin 60° cos 20° -3
sin70° sin70° sin70° '
Example: 41 If tana=1+27%) " tan f=(1+ 277, then a + 4 equals [AMU 2002]
T T T v
a) — b) — c) — d) =
(a) 5 (b) 2 (© 3 (d >
1 1
1+i 1+2x+1
. tan o + tan g 2%
Solution: (b) tan(e+f)=————=tan(a + fB) =
(b) (a+p) 1—tanatan § (a+p) L1 1
' 1
1+2ix 142"

2% 42,2 4 2% +1 T T
= tan(a+ p)= = tan(a+ p)=l=tan— = a+ f=—.
(@+h) 1+2%+2.2% 422 2% ( A 4 p 4

tan 70° — tan 20°

Example: 42 The value of [Karnataka CET 2003]

tan 50°
(@)1 (b) 2 (o) 3 (d) o
sin70° _sin 20°  sin70° cos 20° — cos 70° sin 20°
Solution: (b) 8 70? cg)s 20° _ N 70—0.(:0(? 20° _2, sin(70° — 20°)co_s 50° _ 25sin50°. cos 59”
sin 50 sin 50 2 ¢0s70°.cos20°.sin50° 2cos70° cos 20°.sin50°
cos 50° cos 50°
2cos50°  2cos50°

cos 90° +cos50° 0 + cos 50°

1.12 Trigonometric Ratio of Multiple of an Angle

(1) sin 2A = 2 sin AcosAzzu"—nzA
1+tan® A
_ 2
(2) cos 2A =2cos? A—1 =1-2sin? A=cos? A—sin? A == 2" A here Ax(2n+1)7.
l+tan® A 4
2tan A . . . 3 . o . . o
(3) tan 2A=m (4) sin3A=3sin A—4sin® A=4sin(60° — A).sin A.sin(60° + A)
—tan

(5) cos 3A =4 cos® A—3cos A =4cos(60° — A).cos A.cos(60° + A)

_ 3
(6) tan 3A = tf” Cf‘t taZ”A A _ tan(60° — A). tan A. tan(60° + A), where A %nz+7/6
- an

(7) sin 460 =4 sin 6.cos®* @ —4 cos Osin® @ (8) cos46 =8cos* §—8cos® 0 +1

4tan O—4tan® @
1-6tan? @ +tan’ @

(11) cos5A =16 cos® A—20 cos® A+5cos A

(9) tan 460 = (10) sin5A =16 sin® A—20 sin® A+5sin A
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Trigonometrical Ratios, Functions and Identities 19

1.13 Trigonometric Ratio of Sub-multiple of an Angle

3z
(1) sin2 +cos 2| =vItsinA or sin 2 tcos 2 = +I1sin A ie., +’|f2n”_”/4SA/2S2n”+T
2 2 2 2 —, otherwise

+If2nz+7x/4 SA/ZSZH?Z’+54—7[

(2) sin%—cosA =+1-sin A or (sing—cosg)zi\/l—sinA i.e.,

2 —, otherwise
++/tan? - [1- -
3D tanéz_ tan” A+1 1=J_r 1-cos A =1 _COSA,Where A=@2n+Dr
2 tan A 1+cos A sin A

(ii) cotéziwflJrCOSA :1+_COSA,where A=2nrx
2 1-cos A sin A

The ambiguities of signs are removed by locating the quadrants in which > lies or you can

follow th r
A 2 A .
3 sin— + — is +ve P
= 2 2 Z
4 4
1&
A A .
A A sin ~“=+ cos —Is tve Sin@>cosl, 1, -~
sin Y + C0s [ is—-ve 2 2
sin A cos A ig sin 4 cos A is —ve k_/
2 2 2 2 €os8>sind
sinA+
> COos
57 A A i
e Sin— — s - -
4 5 cos > 1,50 1
r
2
A 1-cosA A 1+cosA
(4)tan? = =—""""; where A=@2n+1)r (5) cot? = =="""""- where A=2nr
2 l+cosA 2 1l-cosA
Important Tips
. A, . , . nz+ D" A
& Any formula that gives the value of smE in terms of sin A shall also give the value of sine of —

. A . *
& Any formula that gives the value of cos 0 in terms of cos A shall also give the value of cos of 2n7r2 A .

nr+A

& Any formula that gives the value of tan % in terms of tan A shall also give the value of tan of

Example: 43 If sina = _?3 where 7<a< 37” , then cos % equal to [MP PET 1998]
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20 Trigonometrical Ratios, Functions and

1 1 3 -3
() — b)) -— () — @ —
J10 J10 J10 J10
1 4
. 3r 7© a 37 a 4 a 1+cos a +§ 9 -3
Solution: (d) 7<a<—=—-<—=<—=005—=-Ve = ..C0Sa@=— =>C0S — =-— =—|— =—.
2 2 2 2 5 2 2 2 10 J10
Example: 44 2sin? 8+ 4 cos(a + B)sinasin B + cos 2(a + ) equal to [UPSEAT 1993; IIT
19771
(a) sin2a (b) cos2p (c) cos2a (d) sin2p
Solution: (c) Since 2cos(a + f8)=2cos(a+ B)—1, 2sin® f=1-cos28 =—cos 28 +2cos(a + B)[2sinasin B + cos(a + B)]
=-—cos 2+ 2cos(a + f).cos(e— f) =—C0s 23+ €OS 2 + COS 23 =COS 2x .
cot?15° -1
Example: —_— = MP PET 1998
pletdS o150 11 L 098]
1 J3 3J3
(@) = (b) (© == @ 3
2 2 4
r -2
1_% 2
1-|—2 1{\/5—1}
1+ —
Solution: (b) 1-tan®15 _1-[tan(45° ~30°)° _ e V341 - V3+1P -(V3-1 _4V3 _3
T+tan?15  1+[tan(45° —30°)] R P! W3+1P+[3-1F 8 2
1 \/§ \/§+1
M
1+—
NER
_ 2 _ 2 0
Trick:c0520:l tan29 ! tan215 :cos30°:£.
1+tan“@ 1+tan”15°
Example: 46 If sin66 =32cos°® 6.sin@ —32cos® #sind + 3x, then x = [EAMCET 2003]
(a) cos@ (b) cos 26 (c) sing (d) sin26

Solution: (d)

sin66 = 2sin36.cos 30 = 2[3sind —4 sin® G][4 cos > & — 3 cos ]

= 24 sin6.cos O(sin? @ + cos? B)—18 sin&cos @ —32sin° @cos® & = 32cos® G.sin®—32 cos® .sin G + 3 sin 20

On comparing, x =sin26

Trick : Put #=0°, then x=0. So, option (c¢) and (d) are correct.

Now put 6:30°,thenx=§.

If \/;+i:2cos¢9, then x® +x°® =

Jx

(a) 2cos68

Example: 47

(b) 2cos126

Given, «/;+i =2c0s 6

Jx

Solution: (b)

(c) 2cos360

Therefore, Only option (d) is correct.

[Karnataka CET 2003]

(d) 2sin360

On squaring both sides we get, X+l+2=4C0529 = x+£:4cosze—2
X X

:x+£:2(2c0529—1) =2c0s 20
X

Again squaring both sides,
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Example:

Solution:

Example:

Solution:

Example:

Solution:

48

(9]

49

(b)

50

(d)

Trigonometrical Ratios, Functions and Identities 21

x2+i2+2:4c03229 = x2+i2:4cosz29—2:2(2c03220—1) = x2+i2:2cos49 ...... (iii)
X X X
1Y 1 1 1
Now taking cube of both sides; (x2+—2j =(2c0s46)® = x° +—6+3x2.—2(x2 +—2j:8cos3 40
X X X X
= x6+i6+3(2cos4¢9) = 8cos®40 = x° +i6:8005349—6cos46'
X X
= x6+i6: 2(4 cos® 40 —3cos 40) = 2 cos 3(46) = 2cos 120 .
X
. A .
For A = 133 ,Zcos? is equal to
(a) —J1+sinA-J1-sinA
(b) —J1+sinA +y1-sinA
(©) Vi+sinA —yJ1-sinA
(d) Ji+sinA +J/1-sinA
For A:l33°,A:66.5° = siné>cosé>0
2 2 2
- . A A . . A A ..
Hence, +1+sin A :smE+cosE ...... (i) and v1-sinA :smE—cos? ...... (ii)
.. . A . -
Subtract (ii) from (i) we get, 2COSE= Vi+sinA -v1-sinA.
sin 2B .
If 2tan A=3tan B, then ————— is equal to [AMU 2001]
5 —cos 2B
(a) tanA - tanB (b) tan(A-B) (c) tan(A +B) (d) tan(A +2B)
3 3 . 1-12
2tan A=3tanB= tan A=—tan B=—t (Let tanB=t) = sin2B= 5, C0s 2B = 5
2 2 1+t 1+t
o)
H 2
" sin2B __ AL+t — == > =tan(A-B).
5—cos 2B . 1—t? 4 + 6t 2+3t
1+t2
0 0 H 4 A .
If 90° < A<180° and smA:E, thentan? is equal to [AMU 2001]
1 3 3
a) — b) — c) — d) 2
() 5 (b) c () 5 (@)
. 4 4 o o
S|nA:E:>tanA=—§, (90° < A<180°)
2tanA A
tanA:—ZN Let tan - =P
l—ta\nzE
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22 Trigonometrical Ratios, Functions and

— 2P 4p? _ep_4-0=pP--1 2= P--1 (impossible)
3 1-p? 2 2

So, P=2 i.e., tangzz.

Example: 51 If tana :% and sin 8 = 1 , then tan(e + 24 ) is equal to

J10

1 3
()1 (b) o (c) 5 (d) 7

2
Solution: (a) tanoe:%,sinﬂ:L = tanﬁ—l = tan 28 = i—%

J10 3 1
9
1,3
. 7 4 _4+21
. tan(a + 208) = —=
(a+2p)= . ERG
28
0 _t2
Example: 52 If tangzt, then 2 is equal to
+
(a) coséd (b) sin@ (c) secé (d) cos 20
1_12 1-tan?? 9 0
Solution: (a) > = g (.. tanE:t) = cos(Z.E):cose.
1+t 1+tan25

Example: 53 The value of ttansx when ever defined never lie between
an 3x

[Haryana CEE
1998; IIT 1992, 97]

(a) % and 3 (b) % and 4 (c) % and 5 (d) 5and 6
Solution: (a) Let, y= tan x = tan x 3
tan 3x  3tan x —tan® x
1-3tan?x
1

C1-3tan’x g @K
3-tan’x 4

—ltanzx
3

Hence, y should never lie between % and 3 whenever defined.

Example: 54 If tan@d=t, then tan 20 +sec 20 equal to [MP PET 1999]

1+t 2t
a) — - c) — d) =—
() -t ()1+t ()1—t ()1+t
2tan®  1l+tan?@

Solution: (a) tan26 +sec26 = >+ 5
l-tan“9 1-tan“@

2 2 2
Given tan@=t — .. tan20+sec20 - 2L L1+ _2t+l+t (t+1)7 1+t

1-t2 1-¢2 1-t2  1-t%2  1-t’
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Trigonometrical Ratios, Functions and Identities 23

Example: 55 If sin20 +sin2¢ = % and cos 26 + cos 2¢ = % , then cos?(0 —¢) equal to [MP PET 2000]
3 5 3 5
a) — b) — c) — d) —
(a) 5 (b) 5 © 1 (d) n
Solution: (b) Given, sin 260 + sin 2¢ :% ....... (i) and cos 260 +cos 2¢ = % ....... (ii)

Squaring and adding, ..(sin? 20 +cos? 26)+(sin? 2¢ +cos? 2¢)+ 2[sin 2. sin 2¢ + cos 20. cos 24] = %+%

= C0S 26.¢c0Ss 2¢ + sin 26.sin 2¢ :l = €05(20 — 2¢) == = cos?(0 - ¢)—

Example: 56 If tanx = ,a+ equal to [MP PET 1990, 2002]
a_
2sin x 2 C0S X 2 CoS X 2sinx
a) — (b) o . (@)
Jsin 2x J/cos 2x Jsin 2x \/cos 2x
Solution: (b) Given anx<? = \/a+b +\/a—b :\/1+b/a+\/1—b/a _ \/1+tanx +\/1—tanx _ 2
a a-b a+b 1-b/a l+b/a 1-tanx 1+tan x 1_tan? x
Now, multiplying by v1+tan® x in N'rand D'r = \/72 \/ = jcoszx .
_ €oS 2X
tan© x m Jcos 2x vsec? x
V1+tan? x
1.14 Maximum and Minimum Value of a cos@ + b sinf@
Let a=rcosa  ........ (i) and b=rsina  ........ (ii)

Squaring and adding (i) and (ii), then a? +b? =r? or, r=+va? +b?
asin@+bcos@ = r(sin@dcosa+cosésina) = rsin(d + )

But —-1<sinf <1 8So, —-1<sin(0+a)<1l; Then —r<rsin(@+a)<r
Hence, —va? +b? <asin@+bcosd <va? +b?

Then the greatest and least values of asin @+bcos@ are respectively va? +b? and —+a® +b? .
@aﬁ : 3 sin? x +cosec’x > 2, for every real x.

O cos? x +sec? x > 2, for every real x.

Q tan?x+cot?x >2, for every real x.

Important Tips

Use of X (Sigma) and ]] (Pie) notation
& sin(A+B+C)=ZXsin AcosBcos C—-TIIsinA, cos(A+B+C)=IIcos A-Xcos AsinBsinC,

tan(A+B+C)= M. (' X denotes summation)
1->tan Atan B

& sina +sin(a + p)+sin(a + 26) +......... n terms (" II denotes product)
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24 Trigonometrical Ratios, Functions and

sin(AJrn_lBJsinnB
i -1 2]si 2 n . —
:sm[a+(n _)ﬂ/ 1sin[ng /2] or 3 sin(A+7—1B)= 2 2 .
sin(8/2) r=1 . B
sin —
2
- . nB
. cos(A+B]sm
_ n N
& cos a+cos(a+ B)+cos(a+208)+....... n terms :cos[a+(n _1)ﬂ/2]sm[nﬂ/2] or Y cos(A+r-1B)= 2 2
sin[g /2]
r=1 sin —
2
@ sinA/2+cos Al2=+2sin[r/4+A]=2cos[AFz/4].
& c03a+cosﬁ+c05y+cos(a+ﬂ+y):4cosa;ﬂcos’Bgycosy;a.
& sina+sinﬂ+siny—sin(a+ﬂ+y)=4sina;ﬂsin ﬂ;ysinyza.
& tana+2tan 2a+4tan4a+8cot8a =cot o .
2 A
Example: 57 If x:ycos?:zcos?, then xy +yz +zx = [EAMCET 1994]
(a) -1 (b) o (c) 1 (a 2
. X y z
Solution: (b) We have I=—2:—2:/1 (say)
X=A, y=—242=-21; . XY+YI+2X==22+41 -2 =0
Example: 58 % equal to [MP PET 1995]
(ay 1n2A (by 1aN8A (c) St8A (d) None of these
tan8A tan 2A cot 2A
Solution: (b) L1=C0S8A _cosdA _2sin®4A cos4A _2sin4.Acos4A.sin4A _ sin8A.2sin2A.cos2A _ tan8A
c0s8A 1-cos4A  cos8A 2sin?2A cos8A.2sin 2A cos8A.2sin22A  tan2A’
a sind  cosé
Example: 59 If tand :E’ then m m equal to [WB JEE 1986]
2 2\4 2 2\4
() iw{iﬂ%} (b iw[is_%}
va? +p2 Lb” & va? +p2 Lb” a
2 2y 2 2y
© iw[%+%} @ +@&-0) [18—%}
va2+b2 b a a2+b2 b a
4an?2 2.2
Solution: (a) Given, tan@d =a/b = cos 20 = ! tan29 = bz a2
l+tan“@ b +a
sind =+ a ; cos,«9—+L
/a2+b2 ’ /az+bz
a b
. sin@  cosd \Va®+b? Ja? +p? ) __a@’ +b%)’ + ba® +b*)* =+(32+b2)4{i ﬂ}
0058¢9+sin8€_ . g + R g ba(a2+b2)1/2 as(az +b2)1/2 - m b8 a8
Ja? +b? Ja? + b2
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Example: 60

Solution: (d)

Example: 61

Solution: (b)

Example: 62
1995]

Solution: (b)

Example: 63

Solution: (b)

Example: 64
EAMCET 1994]

Solution: (d)

Example: 65

Trigonometrical Ratios, Functions and Identities 25

The minimum value of 3cos X +4sinx +5=

(a) 5 (b) 9 () 7
Minimum value of 3cos X +4sinx =-v32 +42 =—5

Minimum value of 3cosx +4sinx+5=-5+5=0.
The greatest and least value of sinxcos x are

1 1 1 1
(a) 1-1 (b) E,—E (C) Z,—Z
sin2x

2

l[Zsinxcosx]:lsinZX; —-1<sin2x <1; _—13 sl.
2 2 2 2

The value of siné + cos & will be greatest when

(a) 9=30° (b) 9=45° (c) 9=60°

Let f(x)=sin@ +cos@ = v/2 sin(@ + %)

“1< sin(e+%)31 = —J2< «/Esin(6+%)£ J2
If f(x) is maximum then,

sin@+ D) =1=sint = 0== = 9+2=259=2.
4 2 4 4 2 4

The maximum value of sin® x +3cos? x is
(a) 3 (b) 4 (©) 5

f(x)=4sin? x +3cos? x =sin? x +3 and 0<] sinx|<1

. Maximum value of sin? x +3cos? x is 4.

[UPSEAT 1991]

(d) o

[UPSEAT 1975]

(d) 2-2

[UPSEAT 1977, 83; RPET

(d) 9=90°

[Karnataka CET 2003]

(d) 7

If A=cos? @ +sin* 6, then for all values of 6 [UPSEAT 2001; IIT 1980; Roorkee 1992;

(a) 1<A<L2 (b) %SASl () %SAS—

A=cos? x +sin* x = cos? @+sin? @sin? @
= A<cos?6+sin? 0 [-sin20<1] = A<1

Again  A=cos?@+sin* =1 -sin?H)+sin* o
3
A=[sinzo-L] +353
2 4 4
3
Hence, —<A<1.

The value of 5cos @ + 3cos(6 + %) + 3 lies between
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26 Trigonometrical Ratios, Functions and

(a) -4 and 4 (b) -4 and 6 (c) -4 and 8

Solution: (d) 5cos49+3cos(¢9+%)+3 = 5c059+3[cost9cos%—sin0.sin%]+3

33 _ (13 33 ]+3

= [50050+§cosaf—sin9]+3 —c0s @ ———sind
2 2 2 2

2 2 2

ST {237

13 3V3

—7<|—cos@———sin@ | < +7
2 2

33 13 3V3

(d) -4 and 10

. —7+3S{%c059—75in6]+337+3 = —43[70050—Tsin6}r3£10

So, the value lies between - 4 and 10.

.7 . 3r . 5r . Ir . 97 . 1lx . 13x,
Example: 66 sin —.sin —.sin —.sin —.sin —.sin ——.sin ——1is equal to
14 14 14 14 14 14 14

1 1 1
a) — b) — c) —
() 5 (b) T () 2
Solution: (d) sinl.sinS—”.Sln Sz 7—”.3|n9—”.sinll—” smlS—”
14 14 14 14 14 14 14
.r . 3rm . 5x . 57 . 37 . V4 . .3
= sin—.sin—.sin—x1xsin| 7 —— [.sin| 7 —— |.sin| 7 —— | = | sin—.sin
14 14 14 14 14 14 14
. . 0—-¢
Example: 67 If sind+sing=aand cos@+cos¢g =b then tan > equal to

2 2 2 2 2 2

a‘+b 4-a°-b a‘+b
(a) ,/—2 5 ) \J———— ©) J——=
4-a°-b a“+b 4+a°+b

Soluton: (b) Given that, sind+sing=a ........ (i) and cos@+cosg=b ... (ii)

Squaring, sin? @+sin? ¢+ 2sin@sing =a® and cos? &+ cos? ¢+ 2 cos & cos ¢ = b?

Adding, 2+ 2(sin@sing +cos §.cos ¢) = a® +b?

1-tan

20-9)
2

a?+h2-2

—.sin—.sin—

(d) =

64

57 . 1z 1
14 14

_a’+b®-2

= 2cos(@—¢g)=a’+b’> -2 = cos(@—¢)= >

1+tan27(6_¢) )
2

= (az+b2)+(az+b2)tan29—£¢—2—2tan29—;¢= 2-2tan? 97

2 2 2 2
_a-atob? L, (0-¢)_ (0-9)_ [41-a’-b
a? +b? 2 2 a? +b?
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Trigonometrical Ratios, Functions and Identities 27

Trick : Put 9:%,¢:0°, then a=1=b

. tan 9;¢ =1, which is given by (a) and (b).

Again putting 6 = % =¢, we get tan 9;¢ =0, which is given by (b).
Example: 68 The maximum value of 3cos @ +4sind equal to [MP PET 2002; UPSEAT 1990]
(a) 3 (b) 4 (c) 5 (d) None of these

Solution: (¢) Maximum value of 3cos@+4sing is ¥3%2 +4% =5.

1.15 Conditional Trigonometrical Identitites ~

We have certain trigonometric identities. Like, sin?6 +cos?’# =1 and 1+tan?6 =sec’ 6 etc.

Such identities are identities in the sense that they hold for all value of the angles which

satisfy the given condition among them and they are called conditional identities.

If A, B, C denote the anlges of a triangle ABC, then the relation A + B + C = 7 enables us to

establish many important identities involving trigonometric ratios of these angles.
(WDIfA+B+C=n,thenA+B=72-C,B+C=n-Aand C+ A = - B.
(2)IfA + B+ C = x, then sin(A+ B)=sin(z —C)=sinC
Similarly, sin(B + C)=sin(z — A)=sin A and sin(C + A)=sin(z — B)=sin B
(3)If A+ B+C =z, then cos(A+B)=cos(z—C)=-cosC
Similarly, cos(B+ C)=cos(z — A)=—-cos A and cos(C + A) =cos(z —B)=—-cos B
(4)IfA+ B+ C = r,then tan(A+B)=tan(xr —C)=—-tan C
Similarly, tan(B+C)=tan(z - A)=—-tan A and tan(C + A)=tan(z—-B)=—-tan B

B+C =~ A C+A ~ B

(5)If A+B+C=rx, then and Z_— and
2 2 2 2 2 2 2 2

.(A+B .(zr C C A+B 7z C . (C
sin =sin| =—-=|=cos| — |, cos =cos| = —— | =sin| = |,
252 on(5 -5 )=o) el 25 )= eol5 -5 )= on(3)
tan(AJrBJ:tan[f—Ej:cot(E)

2 2 2 2

All problems on conditional identities are broadly divided into the following three types

A+B o C

1. Identities involving sine and cosine of the multiple or sub-multiple of the angles involved

WM%; Metfood
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28 Trigonometrical Ratios, Functions and
Step (i) : Use C £ D formulae.

Step (ii) : Use the given relation (A + B + C = 7) in the expression obtained in step-(i) such
that a factor can be taken common after using multiple angles formulae in the remaining term.

Step (iii) : Take the common factor outside.

Step (iv) : Again use the given relation (A + B + C = n) within the bracket in such a manner
so that we can apply C £ D formulae.

Step (v) : Find the result according to the given options.

2. ldentities involving squares of sine and cosine of multiple or sub-multiples of the angles
involved

WM&‘! Methood

Step (i) : Arrange the terms of the identity such that either sin? A—sin? B =sin(A+ B).sin(A—B)

or cos® A—sin? B = cos(A + B).cos(A—B) can be used.

Step (ii) : Take the common factor outside.

Step (iii) : Use the given relation (A+B+C=7x) within the bracket in such a manner so that
we can apply C £+ D formulae.

Step (iv) : Find the result according to the given options.
3. Identities for tangent and cotangent of the angles

Step (i) : Express the sum of the two angles in terms of third angle by using the given
relation (A+B+C =nx).

Step (ii) : Taking tangent or cotangent of the angles of both the sides.
Step (iii) : Use sum and difference formulae in the left hand side.
Step (iv) : Use cross multiplication in the expression obtained in the step (iii).

Step (v) : Arrange the terms as per the result required.

Example: 69 If A+B+C =z, then cos? A+cos?B—cos? C equal to
(a) 1-2sinAsinBcosC (b) 1-2cos Acos BsinC
(c) 1+2sinAsinBcosC (d) 1+2cosAcosBsinC
Solution: (a) cos? A+cos? B—cos? C =cos? A+(L—sin® B)—cos? C
=1+[cos? A—sin? B]—cos® C =1+ cos(A + B)cos(A—B)—cos? C
=1+cos(z —C)cos(A—B)—cos? C =1-cos C[cos(A — B)+cos C]
=1-cos C[cos(A — B)+cos{w —(A+B)}] =1--cosC[cos(A—B)-cos(A+ B)]

=1-cosC[2sin AsinB]=1-2sin AsinBcos C .
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Trigonometrical Ratios, Functions and Identities 29

sin2A +sin2B -sin2C
sinA+sinB—-sinC

Example: 70 equal to

cos Acos BsinC sin Asin B cos C

(a) (b)

. A_. B C A B.C
sin—sin —cos — C0S — C0S — sin —
2 2 2 2 2 2

(sin2A +sin2B)—sin 2C _ 2sin(A + B)cos(A - B)-sin2C
(sin A+sinB)—sinC Zsin[A;BjCOS(A;BJ_SinC

Solution: (a)

_ cos Acos B sinC sin Asin Bcos C

() (d) -

sin — sin — cos — cos—cos—sinE
2 2 2 2 2 2

2sinCcos(A -B)—2sinCcosC

) 25in( chOS[A_

T —

B . C C
—25sin—cos —
2 2

: sinC=25in£cosE

2 sin C[cos(A — B)—cos C]

cl] (A B A
2c0s —| cos| ——— |—cos

2| 2 2

— +7
2sin 9[cos(A —B)+cos(A+ B)]

sinC/2 :sin[
2

2sin C[2 cos A cos B]

ﬁ_A+B

j:cos (A+B)

cos Acos BsinC

2
a2 2cosE 2sinA
2 2 2

2c0s —
2 2

C A B
cos| — —— |—cos
L [2 2] (

sin2A+sin2B —sin2C =4 cos Acos BsinC

=)
)

Trick :

sin B sinﬁsinEcosE
2 2 2 2

sin2A +sin2B —sin2C  cos Acos BsinC

andsin A+sinB-sinC :4sin§sin%cos£:>

sin A+sinB—sinC

. A . B C
sin —sin —cos —
2 2 2

Example: 71 If o+ f+y =2z, then [1IT 1979]
(a) tanZthemﬁthanZ:tangtanﬁtanZ (b) tangtan£+tanﬁtanlﬂanztang:1
2 2 2 2 2 2 2 2
(© tanﬁ+tan£+tan Y — _tanZtan étanZ (d) None of these
2 2 2 2 2 2
Solution: (a) We have a+ﬂ+7:2ﬁ:g+£+1=n = tan Z+£+Z =tanz =0
2 2 2 2 2 2
= it Bl el ianl-0 = witanlianl—tanEtan Lot L
2 2 2 2 2 2 2 2 2 2 2 2
Example: 72 If A+B+C =, then cos2A+cos 2B +cos 2C equal to [EAMCET 1982]
(a) 1+4cosAcosBsinC (b) —1+4sinAsinBcosC (c) -1—4cosAcosBcosC (d) None of these
Solution: (c) cos 2A+cos 2B+c0s 2C = 2cos(A + B).cos(A—B)+(2cos?C —1) = —1—2cos C.cos(A—B)+2cos? C
= —1-2cosc[cos(A—B)+cos(A+B)] = —1—4cos A.cos B.cosC
Example: 73 If A+B+C=180°, then Sin2A +sin 2B + sin 2C equal to

cos A+cosB+cosC -1

(a) 85inésinEsinE (b) 8COSACOSECOSS
2 2 2 2 2

2

Solution: (b)

sin2A+sin2B+sin2C  2sin(A+B).cos(A-B)+2sinCcos C _

(@) 85inAcosEcosS (d) 8cosésinEsinE
2 2 2 2 2 2

2sinCcos(A—-B)+2cosCsinC

A+B A-B

cos A+cos B+cosC -1 2 cos cos 5 +1—2sin

2sinC[cos(A—B)+cos(A+B)] _ 4sinAsinBsinC
25in C [ cos A=B) _cos AHBY L 4gin Agin Bsin ©
2 2 2 2 2 2
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30 Trigonometrical Ratios, Functions and

Example: 74

Solutio: (b)

Example: 75

Solution: (¢)

Example: 76

Solution: (d)

Example: 77

Solution: (¢)

A A . B B . C C
4 x 2sin— x C0S — x 2Sin—C0S — x 2 Sin— C0S —
= 2 2 2 2 2 —8cosﬁcosEcosE
- _A.B.C B 2 2 27
4 sin—sin—sin—
2 2 2

If A+B+C =180°, then the value of (cot B + cot C)(cot C + cot A)(cot A + cot B) will be

(a) sec AsecBsecC (b) cosec A cosec B cosec C  (c) tan AtanBtanC (d 1

sinCcos B +sinBcosC sin(B+C) sin(180° — A) sin A
cotB+cotC = - - = — - =— - =— -
sinB.sinC sinB.sinC sinB.sinC sinB.sinC

Similarly, cot C +cot A = ﬂ and cot A+cotB = ﬂ
sinC.sin A sin AsinB

Therefore, (cot B + cot C)(cot C + cot A)(cot A + cot B)

sin A sinB sinC
= = cosecA.cosecB.cosecC .

sinB.sinC "sinC.sin A "sin AsinB

If A+B+C =180°, then the value of cot§+cot%+cot% will be

(a) ZcotécotEcotE (b) 4cotécotEcotE (c) cotécotEcotS (d) 8cotécotEcotE

2 2 2 2 2 2 2 2 2 2 2 2
A+B+C=-180° ~ 2 B _gp0_C
2 2 2

cotA cotE—l
. cot(%+%):cot[90° —Ej or #:tangz !
cot 2

or coté.cotE—l COtEICOtE'FCOtA; coté.cotE.cotE=c0t£+cotE+cotA
2 2 2 2 2 2 2 2 2 2

If A /B,C are angles of a triangle, then sin2A+sin2B—sin2C is equal to [MP PET 2003]

(a) 4sinAcosBcosC (b) 4cos A (c) 4sinAcos A (d) 4cos Acos BsinC
sin2A +sin2B —sin2C = 2sin Acos A + 2cos(B + C)sin(B — C)

[-A+B+C=xB+C=x—Acos(B+C)=cos(z— A),cos(B +C)=—cos A ssin(B +C) =sin A]
= 2cos A[sin A—sin(B—-C)] = 2cos A[sin(B+C)—sin(B—-C)] = 2cos A.2cos B.sinC =4 cos A.cos B.sinC
Trick: First put A=B=C =60°, for these values. Options (a) and (b) satisfies the condition.

Now put A=B=45° and C =90°, then only (d) satisfies.

Hence (d) is the answer.

In any triangle ABC sin? %4‘ sin? %+ sin? % is equal to [MP PET 2003]
(a) 1—2cosAcosEcosE (b) l—ZsinAcosEcosE

2 2 2 2 2 2
()] 1—25inAsinEsing (d) l—ZcosAcosEsinE

2 2 2 2 2 2

Trick: For A=B=C =60° only option (c) satisfies the condition.
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Important Tips

& Method of componendo and dividendo

If % = % , then by componendo and dividendo

We can write p+dg _a+b ,.4+p_b+a ,. p-q_a-b . 4-p_b-a
p—-q a-b g-p b-a p+q a+b g+p a
Example: 78 If tan S =cosd.tan« then tan® %equal to
sin(a — p) sin(a + ) © cos(a — f3) o cos(a + f3)
sin(a + ) sin(a — p) cos(a + f3) cos(a — f)
Solution: (a) The given relation is tan = !
tan B cosé
Applying componendo and dividendo rule, then
25in2 ¢
tana—tan # _1-cosd sing-p) _ =" 5 _ sin@=p) _,. 20
tana+tan B 1+cos@ sin@+ ) 5cps2 ¢ sin(a + ) 2"
2
Example: 79 If mcos(6 + ) =ncos(d — ), then cot & cot ¢ equal to
m+n m-n m+n n-m
(a) (b) (© (d)
m-n m+n n-m n+m

m _ cos(d—a)

Solution: (¢) =
n cos(@+a))

m+n _ cos(6 —a)+cos(f +a)

m+n  2cosfcosa

By componendo and dividendo rule, =
m-n  cos(d —a)—cos(f +a)

m-+n
cotdcosa = .

Example: 80 If cosecd = m, then cot(% +§J =

(a) \/E (b) \/E
a p

Given, cosecd = P+q = _1 -P+*a
p—q sind p-q

© Jpq

Solution: (b)

m-n —2sinfsina

[EAMCET 2001]

(d) pqg

o .0
€os —+sin —

1+sind p+q+p—q N
1-sind p+gq-p-q

2
l+tan0/2 :B:tan2[£+g P (L)
1-tang/2] q 4 2) q 4.2) p

Apply componendo and dividendo,
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Motz cot| Z+ 2= |9 only if cot[£+gj>0.
472) 7 \p 42

*%%
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